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Abstract—The statistical properties of subproblem bounds in
the Branch-and-Bound (B&B) method applied to the Traveling
Salesman Problem (TSP) are investigated. While B&B is a clas-
sical exact approach for solving combinatorial optimization
problems, the stochastic behavior of its subproblem boundaries
under random instances remains largely unexplored. The anal-
ysis focuses on the random variable representing the difference
between the left and right subproblem bounds. First, we derive
and computationally verify the combinatorial count of all admis-
sible reduction sequences for a five-by-five TSP matrix (10 total
operations, 5 row and 5 column reductions), which equals
329462, using a Stirling-type formula. Second, we generate 1000
random asymmetric five-by-five TSP matrices and compute the
full empirical distributions of the boundary for all possible re-
duction sequences, obtaining a family of 1000 distinct distribu-
tions. Finally, for larger ninety- nine-by-ninety-nine matrices,
we employ a Monte Carlo sampling procedure to approximate
1000 distributions based on randomly selected reduction se-
quences. The results provide new insights into the internal sta-
tistical mechanisms of the B&B method and suggest potential
pathways for developing adaptive or probabilistic branching
heuristics based on empirical bound behavior.

Keywords—Branch and Bound, Traveling Salesman Problem,
Statistical Distribution, Monte Carlo Simulation.

I. INTRODUCTION

The Traveling Salesman Problem (TSP) is a cornerstone of
combinatorial optimization andalgorithmic research. Itsclas-
sical linear-programming formulation with subtour-elimina-
tion inequalities dates back to the seminal work of Dantzig,
Fulkerson, and Johnson (DFJ) and hasshaped exact methods
for seven decades [1]. As an archetypal NP-hard problem,
TSP has served as a proving ground for algorithmic ideas,
complexity-theoretic insights, and large-scale computation
[2]. Even in restricted geometric settings (Euclidean TSP),
the problem remains NP-complete, underlining its intrinsic
difficulty [3].

Exact algorithms often rely on branch-and-bound (B&B),
combining bounding relaxations with systematic search and
cutting planes. The B&B paradigm itself hasdeep roots in the
integer programming literature (Land - Doig; Lawler -
Wood) [4,5]. In TSP, the B&B approach popularized by Lit-
tle, Murty, Sweeney, and Karel (LMSK) introduced a matrix-
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reduction bound and a canonical “split” of the search
space: ideasthatstill influence practical solvers and pedagog-
ical treatments today [6]. Polyhedral cutting-plane methods
integrated with B&B were developed to powerful effect for
symmetric TSP by Padbergand Rinaldi and culminated in the
Concorde code and its computational study by Applegate,
Bixby, Chvatal,and Cook [7,8]. DFJ’s original cutting planes
remain central to modern exactimplementations[1,9]. A re-
cent expository account of the classical B&B method for the
TSP presents the algorithm in a clear step-wise form, which
parallels the node-local perspective taken in this paper [10].

Lower bounds are crucial to pruning in B&B. Among
them, the Held—Karp relaxation, implemented through 1-trees
and Lagrangian multipliers, hasbeen one of the most influen-
tial and widely analyzed approaches, providing strongbounds
and guiding search decisions [11]. In the broader context of
algorithmic performance, empirical studiesand carefulexper-
imentalmethodology have become essential complementsto
theory, informing both the design and the assessment of mod-
ern solvers [12]. From a software-engineering viewpoint, we
demonstrate object-oriented C++ implementations of B&B
for TSP that provide reusable abstractions for subproblem
management, bounds, and anytime behavior, offeringa prac-
tical blueprint for reproducible experiments [13,14].

Heuristic methods, most famously Lin—Kernighan, have
matured into sophisticated components of high-performance
pipelines and benchmarkingregimes, even when the ultimate
aim is exact optimization [15]. Beyond worst-case theory,
probabilistic analyses (e.g., for random Euclidean instances)
shed light ontypical-case behavior (e.g., tour-length scaling)
[16]. Authoritative monographs and surveys document this
landscape in depth [8,17,18]. Complementing these classical
heuristics, we adapt TSP heuristics and B&B to reconstruct
partially known DNA distance matrices, proposing anytime
strategies and documenting nontrivialimprovementsin appli-
cation-specific “badness” criteria [19,20]. Related model-
ing also shows how we cast safety-critical planning as TSP-
type optimization over sequences of system states, illustrating
how discrete-optimization formulations transfer to domain-
specific risk control [21].

This paper focuses on a finer-grained, node-local view of
exact search: the distributional behavior of immediate bound
differences created by a standard binary branching step.
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Concretely, whena TSP (or ATSP) node is branched into two
complementary subproblems( “left” and “right” ), each
child inherits the parent’srelaxation and adds one of two mu-
tually exclusive constraints (e.g., edge forced vs. forbidden,
or a standard LMSK-style branching split). The central ran-
dom quantity we study is the difference A = |boundleft -
boundright|' Although such local statistics are implicitly ex-
ploited by branchingrules and node selection strategies, their
empirical distributions across instances and subinstances
have not, to the best of our knowledge, been systematically
documented.

Our study reports three results:

1. Exact enumeration at size 5+5. We derive a Stirling-
type combinatorial count for the number of admissible
LMSK-style reduction/branching sequences that satisfy our
validity constraints; forten totalelements (balanced 5+5), this
countequals 329462, which we propose as a first benchmark
datum forthe community. The derivation uses classical tools
from enumerative combinatorics (e.g., Stirling numbers and
related identities).

2. Empirical distributionsof A atmatrix size 5. For 1,000
randomly generated 5x 5 TSP cost matrices, we com-
pute—per instance—the random variable A over all admis-
sible sequences (or over a sufficiently comprehensive subset
when appropriate) and record the full empirical distribution
for each instance. Taken together, these 1,000 distributional
profiles constitute the second main result: a high-resolution
picture of how left - right subproblem bounds differ at the
first branching step in small-scale problems, illuminating
both the centraltendency and the tails.

3. Monte Carlo distributionsof 4 at matrix size 99. At di-
mension 99, exhaustive generation of all admissible se-
quences is infeasible. Instead, for 1000 randomly generated
99 x 99 costmatrices, we sample 1000 sequences per matrix
and estimate the distribution of A via Monte Carlo. This
yields 1000 large-scale distributional summaries, comple-
mentingthe small-n picture with a practically relevant regime.
Our experimentalprotocol follows established guidance from
experimental algorithmics and Monte Carlo methodology
[12,22].

These contributions refine a local, distribution-centered
view of branch decisions and bounds. While bounding tech-
niques themselves are well established [1,6,23,24], the em-
pirical law governing the immediate difference between sib-
ling bounds under random input has not been systematically
characterized. Our study aims to fill this gap by providing re-
producible datasetsand baselinesat two scales—small (exact)
and large (Monte Carlo)}—and by highlighting descriptive
statistics that may be of independent interest for branching
heuristics and node selection policies in exact solvers (includ-
ing branch-and-cut frameworks inspired by Padberg—Rinaldi
and Concorde) [7,8]. For the asymmetric case and assign-
ment-based relaxationsclosely related to our discussion, see
also an ALENEX 2001 algorithm-engineering contribution
and a near-final draft chapter on the ATSP in the standard
monograph series [25,26]. We view our results as comple-
mentary to classical algorithmic analysesand benchmarking.
They offer a microscopic perspective on how relaxationsre-
act to a single branching constraint under random costs, po-
tentially informing the design of branching rules or surrogate

objectives. Future work may assesscommonality using mod-
ern statistical distances on probability measures (e.g., Was-
serstein metrics or energy distance) and distributional sum-
maries tailored to optimization contexts[27,28].

Il. PRELIMINARIES

A. Problemvariantsand notation.

We consider both the symmetric TSP (STSP) and the asym-
metric TSP (ATSP). An instance is specified by a cost matrix
C=c¢; with ¢;; = +oo forbidding self-loops; a tour is a
Hamiltonian (directed) cycle visiting all vertices once. We
use V=1,..,n, E (or A) for edges (arcs), and represent a
tour by a permutation ™ of V with length X cr( nGisn)-
For exact optimization, the DFJ formulation enforces degree
constraintsand uses exponentially many subtour-elimination
inequalities; it remains the backbone of exact methods and
modern discussions of polyhedral TSP/ATSP models [1, 8].
Classic surveys and monographssituate DFJamongcompact
models such as MTZ and its strengthened DL variant for
ATSP [15, 29, 30, 31].

Following Little - Murty - Sweeney - Karel (LMSK), a
node bound is obtained by sequentialrow and column reduc-
tions: subtractthe minimum of each unreduced row, then the
minimum of each unreduced column; the sum of subtracted
minima gives a valid lower bound. The branch step selects a
zero entry and creates two complementary child subproblems
( “include” vs. “exclude” thatentry), after which re-
ductions are  recomputed to update  bounds
(bound,cg, bound,igy.) [6]. Practical expositions empha-
size that tie-breaking among multiple zeros, and whether
rows or columns are treated first in partially reduced subma-
trices, can materially affect the immediate bound deltas we
study [32].

Two classical relaxations complement LMSK. (i) The as-
signment relaxation (@ minimum-cost perfect matchingin a
bipartite representation) is solvable in 0(n®) time via the
Hungarian method, with widely used modern improvements
based on shortest augmenting paths[23, 24]. (i) The Held -
Karp 1-tree relaxation isamongthe strongest classicalbounds
for STSP and guides exact search in many solvers [11]. Hy-
bridizations that tighten assignment-type bounds with ideas
from constraint programming and mathematical program-
ming provide a conceptual bridge to our interest in immediate
post-branch behavior[33]. We treat these relaxationsascom-
patible with LMSK-style branching: our A can be read either
underpure LMSK reductions or under LMSK combined with
a secondary relaxation used as a fallback bound.

B. The space of reduction sequencesand random in-
stance model

Let & . be the family of admissible row/column-reduction

sequences for an r x ¢ submatrix, where each unreduced
row and column must be reduced exactly once and reductions
apply only to currently unreduced indices. Sequences equiv-
alent under consistent row/column relabeling are identified
when countingdistinct patterns. With r = ¢ = 5, the number
of admissible sequences under our conventions yields the
benchmark datum reported in the paper’s Results. The count-
ing arguments use standard combinatorial tools—e.g., set
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partitions and Stirling numbers—to factor symmetries be-
tween interleavings of R=R4,..,R, and C=C(,,...,C,,
and to control equivalences induced by relabelings [34, 35].
These identities also motivate normalizations we apply when
comparing frequencies of distinct sequence patterns across
random matrices.

Unless otherwise stated, we draw asymmetric cost matrices
with iid. entries from a discrete uniform range (e.g.,
1,...,999) and set c; = +oo. For n=5 we can enumerate all
sequences in % 5 foreach matrix to obtain exact empirical
distributions of A. For n=99, exhaustive enumeration is in-
feasible; we therefore sample admissible sequences per ma-
trix (e.g., unbiased interleavings that respect admissibility) to
form Monte Carlo estimates of the A distribution. Our ex-
perimentalprotocol follows best practicesin experimentalal-
gorithmics—fixed seeds, clearly stated sampling budgets,
distributional summaries with variability estimates —and
standard Monte Carlo guidance for constructing confidence
assessments from repeated runs [11, 22]. We report all ran-
domization and reproducibility details (seed values, genera-
tors, and sample sizes) alongside the datasets.

C. Statistical summaries and distanceson distributions

For eachinstance we tabulate descriptive statistics (mean,
variance, skewness, kurtosis) and visualize histogramsor ker-
nel density estimates of A. For cross-instance comparison
(e.g., aggregating the 1000 small-n or 1000 large-n distribu-
tions), we use Wasserstein distances to capture shape/location
differences robustly when supports differ, and we also con-
sider energy distance as an RKHS-linked metric with strong
testing properties [27, 28,36]. Energy distanceand MMD are
theoretically equivalentunder a suitable choice of kernel ( ¢
distance kernel” ), offering a principled bridge between op-
timal-transportand kerneltwo-sample viewpoints when com-
paring families of A distributions [37]. These metrics let us
quantify how A’s shape shifts with dimension and with dif-
ferent random-matrix regimes.

D. ATSP contextand related formulations

Because ourexperiments use asymmetric random matrices
by default, we briefly note ATSP-specific modeling that often
pairs naturally with assignment relaxations. Strengthened
compactmodels (MTZ and DL) provide useful baselines for
ATSP branch-and-bound orbranch-and-cut pipelinesand are
frequently compared to DFJ in empirical studies [30, 31]. On
the algorithmic side, additive or discrepancy-based bounding
procedures and approximation advances for ATSP further
contextualize how local bounding behavior might influence
global performance [38]. Finally, modern ATSP literature
(including exact methods and approximation theory) provides
further context for how local bounding behavior might influ-
ence global performance [8, 29].

I1l. METHODOLOGY

We study random asymmetric TSP (ATSP) instances at two
sizes, n € {5,99}. For each n, we draw m, = 1000 inde-
pendent cost matrices C® = (c{V) € N with

cl(lﬂ = 400 (implemented as M = 999999),

¢ ~ Unif(1, ...,999} (u # v).
This follows the experimentaldesign previously outlined and
motivates our focus on local bounding behavior under non-
geometric randomness.  We store one PRNG seed per ma-
trix and publish the seeds alongside data forreproduction [12,
22]. To reduce trivial scale effects across instances, we op-
tionally report a normalized magnitude,

|A]

A= 1 M, 1 ON
. 1 . 1
n 2 TR Cun ¥ 2 D v
which stabilizes across matrices with different baseline
row/column minima.
Given a node with active submatrix S € [n] X [n], the
LMSK bound is computed by row/column reductions:

(i) for each unreduced row u set r, = min c,, and
v:(u,v)eS

replace therow by c,, < ¢,y — Iy

(i) for each unreduced column (v) set k, = min c,,

u:(u,v)es
andreplacethe columnby c,, < c,, — ki

(iii) accumulate B = X, r, + 2, k, asavalid node lower
bound [6].

A branch selects a zero z = (i%,j*) and creates two chil-
dren: Left (force i* — j*) and Right (forbid i* — j*), each
followed by appropriate structuralupdates (subtourhandling
as in LMSK) and a fresh reduction to obtain child bounds
(bound,q, bound,gn) [6, 32]. The local response of the re-
laxation to that split is captured by

A = By — By, |A|used when magnitude matters.

Where relevant, we also report sgn A € {—1,0,1} to quan-
tify asymmetry of the split.

Let R={R,..,R,} and C={Cy,..,C.} denote
row/column reduction symbols on an r x ¢ active subma-
trix. A reduction sequence o € (RU C)™°¢ is admissible if
(i) each R, and C, appearsexactly once; (ii) each opera-
tion actsonly on currently unreduced indices; (iii) sequences
equivalentunder consistent relabeling of rows or columnsare
identified in counting. We write the admissible set as % .
andits cardinalityas L. = |% |

For the benchmark r = ¢ = 5, we verify combinatorially
(and by programmatic backtracking with canonical labeling)
that

Lss = 329,462,

which we then use forfull enumerationat n = 5. The count-
ing argument follows standard Stirling-number - style de-
compositions for interleavings modulo row/column sym-
metry [35, 36].

A. Exhaustive protocol forn=5
For each C® with n=5: (i) enumerate all o € % 4; (i) ap-

ply ¢ to computethe parentboundand the setof zero candi-
dates; (iii) apply the canonical LMSK split atthe chosen zero
z (deterministic  tie-breaking rule); (iv) compute
(boundeq, bound,igy, ) Vvia fresh reductions and record
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AS) = bound,e¢ — bound,igp . This yields, per matrix, the
multiset {Af,‘)}(,eg5 . andits empirical distribution. We sum-

marize each distribution by (A, Var, Skew, Kurt ) and his-
togram bins; confidence intervals over moments are boot-
strapped with fixed resamples [12, 22]. To control patholo-
gies from zero-selection ties, we fix a lexicographic rule on
zeros and report its frequency of use.

B. Sequencesampling for n=99

Full enumeration is infeasible at n=99. For each matrix C®
we draw (K=1000) admissible sequences ¢, ..., 6%’ and

compute A]((i) asin § D. Our base sampler produces a uni-

form interleaving of r = ¢ =99 symbols (subject to admis-
sibility) by:

I
Pr(o, =R |r,c) =
(o | rece) T+ ¢,
P =C| = o
r(o, = Clr,c) =
(o t Ct) I +c

with r, =rc, =c and r,=r1r.—1{o, =R}, ¢y =
¢, — 1{o, = C}, and independentuniform choices of row/col-
umn labels within the unreduced sets. This produceseach in-
terleaving with probability proportional to the number of la-
belings consistent with admissibility; we therefore debias by
importance weights when estimating expectations over
P99 99- FOrmally, for a statistic g,

K w (o), g(ar)

K w()

Eylgl =

WO =

where pg,, Iisthe sampler’s probability of o. We report ef-
fective sample sizes ESS = K/(1 + cv?(w)), and replicate
runs per matrix t gauge Monte Carlo variability [22]. (Alter-
native samplers—e.g., MCMC on admissible sequences with
local transpositions—are supported in our codebase and gave
consistent summaries.)

To ensure comparability, the branching rule at the parent
node is fixed. We adopt the standard LMSK zero-selection
heuristic ( “most promising zero” : maximal penalty from
excluding vs including) with deterministic tie-breaking by
row index then column index [6, 32]. Denote the chosen zero

by 2. A
(€D,6,28); we log the full trace to permit audit and replays.
Per matrix we compute the empiricaldistribution of A and

the summaries

. All downstream A measurements are functions of

Nj
A ! A
= N, -
=1
Var = 1Z(A€ —A)?,
'
E [(A—A)*]
Skew =W,

_E[(A-B)

Kurt 2
Var

with N; =Lss for n=>5 and N; =K for n=99. For
distribution visualization we use fixed-bin histograms; for
cross-instance distance summaries we compute the 1-Wasser-
stein metric W, between empirical distributions (computed
by sorting) and, as a robustness check, energy distance Dg
based on pairwise norms [27, 28, 37]. Uncertainties for n =
99 incorporate Monte Carlo variability via nonparametric
bootstrap over sampled sequences and, when weighted, via
the Bayesian bootstrap with importance weights [22].

Experiments run on commodity CPUs (= 3 GHz). For
n = 5, the worst-case work permatrixis O(Lgg - n*) reduc-
tions; for n =99, itis O(K-n?) due to recomputation per
sampled sequence. We use cache-friendly matrix layouts, in-
teger arithmetic for reductions, and precomputed row/column
minima to reduce constant factors. Performance-measure-
ment follows best practices in experimental algorithmics
(wall-clock, CPU time, memory footprint) [12].

IV. RESULT

By applying a Stirling-type combinatorial derivation to the
balanced configuration of five row and five column opera-
tions, we obtained the exact number of admissible LMSK-
style reduction and branching sequences satisfying all valid-
ity constraints. The total count equals 329462. This result
serves asa reproducible theoreticalbenchmark andillustrates
the rapid combinatorial growth of admissible reduction orders
even formodest problem sizes.

For the case n = 5, we generated random asymmetric TSP
matricesand evaluated, foreach, all (or a representative cov-
erage of) admissible LMSK-style reduction sequences. For
every matrix, we obtained an empirical distribution of the lo-
cal branching difference:

A= |boundleft — boundright|.
The empirical distributions of A were then aggregated
across all matrices. The resulting histogram of per-matrix

mean(A) is presented in Fig. 1. The distribution exhibits a uni-
modaland approximately symmetric shape centered near

300 % [ 250 500 150 1000 1250
Pormatrix mueanih)

Figure 1. Distribution of per-matrix mean(A) forn = 5.

zero, indicating that left - right bound differencesremain sta-
tistically well balanced despite the inherent variability of
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random cost matrices. This suggests that, for small-scale
problems, the LMSK reduction mechanism maintains con-
sistent local behavior across the entire feasible sequence
space.

For the case n = 5, exhaustive enumeration was no longer
computationally feasible. Therefore, Monte Carlo sampling
wasemployed to estimate the same set of descriptive statistics
from 100 randomly generated 99 x 99 matrices. The aggre-
gated metrics—including the mean, variance, skewness, kur-
tosis, mean absolute value,andvariance of the absolute value
of A—aresummarized in Tab.1, while the corresponding his-
togram of per-matrix mean(A)is shown in Fig. 2.

20 0 20 40 6o L 100

( . I
a0
Pwrmatris mmanch)

Figure 2. Distribution of per-matrix mean(A) forn = 99.

Metric Mean+Std Median P5 P95
mean (A) 36.11+28.48 36.54 -13.14 80.28
var(A) 156.95+342.39 14.77 0.00 544.59
skew(A) —1.34+48.53 0.00 -11.83 9.16
kurt(A) 77.56+211.19 0.63 -1.79 497.45
mean(|A|) 41.40+21.70 39.18 11.90 80.28
var(|A]) 87.43+196.12 8.76 0.00 370.51

Table 1. Aggregated per-matrix statistics forn = 99.

Compared with the n =5 case, the large-scale distributions
display heaviertails and increased variance, reflecting greater
heterogeneity in the branching response as dimensionality
grows. Nevertheless, the overallmeanof A remainsclose to
zero, suggesting that the balancing effect between comple-
mentary subproblems persists even under large random per-
turbations. These results indicate that the branching process
preserves an intrinsic equilibrium property that could inform
probabilistic heuristics and adaptive node-selection strategies
for large-scale branch-and-bound algorithms.

V. CONCLUSION

Our study provides a theoretical and empirical characteriza-
tion of the local bound difference A arising in LMSK-style
branch-and-bound processes for the Traveling Salesman
Problem. Through a Stirling-type derivation, we obtained an
exactcombinatorialbenchmark of 329462 admissible reduc-
tion sequences for the balanced 5+5 configuration, establish-
ing a precise reference forsubsequentanalyses. Examination
of A under random cost matrices demonstrated that small-
scale systems exhibit stable and symmetric distributions of
bound differences, whereas large-scale instances display
broader, heavier-tailed behavior while remaining centered
overall. These findings suggest that the branchingmechanism
inherently balances complementary subproblems and that
modeling its distributional properties could inform the

development of adaptive heuristicsand probabilistic node-se-
lection strategies in large-scale exact optimization.
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